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Abstract 

We prove the existence of solution for a class of p(x)-Laplacian 
^ , equations where the nonlinearity has a critical growth. Here, we 

consider two cases: the first case involves the situation where the 
variable exponents are periodic functions. The second one involves 
f^ . the case where the variable exponents are nonperiodic perturbations. 

o 

<^ : 1 Introduction 



In this paper, we consider the existence of solution for the following class of 
/\ . equations 



-\i.)+a(.)U + {V{x) - l^(a;))|n|P(-)+-(-)-2n = f{x,u) 



m 



pTV 



u>0, u^O in R^, (P) 

where Ap(^x)+a-{x) is the (p(x) + cr(x))-Laplacian operator given by 
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/ : R^ X M — )> M is the function given by 

// > is a positive parameter, p, a : M^ — )■ [0, +00) are Lipschitz continuous 
functions and V, W,q,T : R^ — )■ [0, +00) are continuous functions verifying 
the following conditions: 

The functions p, q and V are Z^-periodic, that is 

p{x + y) = p{x), q{x + y) = q{x), V{x + y) = V{x) \/x e M^ and \fy E Z^. 

Moreover, we assume also that 

l<P-< p{x) <p+< N \fx e M^. (Hi) 

p+<q^< q{x) < p*{x) \fx e R^. {H2) 

There are i? > and z eR.^ with Br{z) C (0, 1)^ such that 

a(x), r(x) = Vx G 5^(z). (iJa) 

There are m G (1, A^) and Ri > R with Br-^{z) C (0, 1)^ such that 

p{x) = m yx e Bji-^{z). {H4) 

l<{p + a)^<{p + a){x) <{p + a)+<N \/xe R^ . {H5) 

{p + a)+ <{q- r)_ < {q - t){x) < (p + a)*(x) Vx G M^. (He) 

W{x) -)> as |a;| -)> +cx). (W^o) 

inf \/(a;) = I/q > 0. (K)) 

and 

inf (\/(x) - W(x)) = f/o > 0. (Pyyo) 

Here, the notation h <^ g means that inf {g{x) — h{x)) > 0, 



h- = ess inf h{x), h+ = ess sup h{x) and h*{x 



Nh{x) 



N-h(x)- 



The study of problems with variable exponents has received a special 
attention at the last years, because this class of problems appears in various 



mathematical models, such as, 

• Electrorheological fluids: see Acerbi & Mingione [6l [7], Antontsev & 
Rodrigues [8] and Ruzicka [26] . 

• Nonlinear Darcy law in porous medium: see Antontsev & Shmarev [HI [ID] 

• Image Processing: see Chambolle & Lions [llj and Chen, Levine & Rao 
121. 



Motivated by the presence of variable exponents in the applications above 
and after Kovacik & Rakosnik have shown some properties of the spaces L^^^' 
and W^'P^^^ in [27], a lot of research has been done concerning these kinds of 
problems, see, for example, Alves [T| f2], Alves & Souto p]. Fan [16], Fu & 
Zhang y^. Fan & Han ^9j, Kristaly, Radulescu & Varga [2D], Mihailescu & 
Radulescu [211 and references therein. 



In [1], Alves, Carriao & Miyagaki have considered the existence of solution 
for problem (P), for a case where the exponents p and q are constants and 
cr = r = 0. More precisely, in [3], the following problem was studied 



, 



-Am + {V{x) - W{x))u = ixu'^-^ + m^*-! in R^, 

M > in M^, (Pi 



where /z > is a positive parameter, q G (2,2*) and W G L^(R^). In that 
paper, the authors used variational methods combined with a well known 
result due to Lions [23] and showed the existence of solutions for all /i > 0. 
An important point in that work is the fact that the continuous embedding 
W^'^{M.'^) "^ L^ [M.^) has a best Sobolev constant, denoted by S, which is 
assumed by a special class of functions. When the function p is not constant, 
we do not have this information, and thus new arguments and estimates are 
necessary. 

In [16], Fan has considered a class of nonperiodic perturbations like 
problem (P), however in that paper the nonlinearity has a subcritical growth. 



More precisely, the problem studied was the following 

n > 0, M 7^ in M^, 

where p, q, a,a,T : M^ — )■ M are continuous functions with p and q being 
Z^-periodic functions and / : M.^ x M — )■ M being a continuous function with 
subcritical growth. The main tool used was the variational method, more 
precisely, some characterizations of the mountain pass corresponding to the 
energy functional associated with problem (^2)- 

Motivated by papers |1] and [16], we will show the existence of solution 
for problem (P) by using the variational method. Here, we look for critical 
points of the energy functional associated with (P) given by 



I(U)= / ^(|VM|^(")+'^(") + (r(x)-Vr(x))|MP(")+'^("))-^(M)-J(M) 



where 



^"''^''Lw^FTMyi-i'""'' ""''<"> 



1 ' ip'ix) 



\U\ 



p*{x) 

for all MG iyi'PW+'^W(M^). 

Hereafter, we will consider the following norm in iy^'P(^)+°'(^) (M^) 

||n|| = inf {a > 0; p[a~^u) < l} , 

where 



Using well known arguments, we have that I E C^i 14^1'P(^)+°"(^) (R^), ' 
with 

Jrn 



where 



^'(m)i; = fx f |M|«(^-)-"(^-)-2ut; and J'iu)v = [ 

Jrn Jig]' 



|M|P*(^)-2^t;, 



for all u,ve pyi'PW+'^W(M^). 

Our main result is the following: 

pn] Theorem 1.1 Assume (Hq) - (i^e), (Vo), (VFo) and {WVq). Then, there is 
H* > 0, such that problem (P) has a nonnegative ground-state solution for 
all /U > yU*. 

In what follows, we mean that a solution u of (P) is a ground-state 
solution, if it is a least energy solution, that is, if for any nontrivial solution 
V of (P), we have that I{u) < I{v). 

Notation: The following notations will be used in the present work: 

• C and Ci will denote generic positive constant, which may vary from line 
to line. 

• In all the integrals we omit the symbol dx. 



2 The periodic problem 

In this section, we study the existence of a ground-state solution for the 
periodic problem related to (P) given by 



-Ap(^)M + V{x)\u\P^''^-'^u = fi\u\'''-''^-^u + |M|P*(^)-2y in 
Our goal in this section is to prove the following result 
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T2| Theorem 2.1 Assume (Hq) — {H2) and (Vq). Then, there is /Xoo > 0, such 
that problem (Poo) has a nonnegative ground-state solution for all fi > /Xoo- 

The energy functional loo '■ W^'^^^^ (M.'^^ — )■ M associated with (Poo) is 
given by 

iM=[ J-{\Vu\^^^^ + v{x)\ur^^)-^^[ -^Auf^'-j il«r^^- 

J^N p[x) J^N q[x) J^N p [X) 



A direct computation shows that I^o e C^{W^'P^''\R^),R) with 






xj|M|P(^)-\t;)-/i / |M|'?(^)-2My 



Using standard arguments, it is easy to prove that loo satisfies the 
mountain pass geometry, this way, there exists (m„) C IV^'^*^^)(R^) verifying 

Ioo{un) -> Coo and iLi^n) -> 0, (2.1) 

where 

Coo = inf max/oo(7(i)), 

7erte[o,i] 

and 

r = {7 G C ([0, 1], W^i'^(-)(R^)) ; 7(0) = and /oo(7(l)) < O} . 

The level Coo is called the mountain pass level of the functional Joo- An 
important point that we would like to mention is the fact that 

Coo — ^ as /i — )■ +00 (see P). (2.2) 

Using the above information, in the present paper, we fix /Xoo > such that 

1 \^ 1 



where 



NIVELZ 



LIMITEDONIVEL 



Coo<mm{e{—j , jj^J^ (■ V/i > /ioo, (2.3) 



ESTIMATIVAPAS; 



e = 1/P+ - l/p*_, V = 1/P+ - l/g_, (2.4) 

and K > 1 is fixed satisfying 

|m|p*(x) < K\\u\\, Vm e Vr^'P(^)(R^). 



Next, we will make a brief review about the spaces L^(^)(R^) and 
Vt/i.pW(M^). 
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2.1 Variable exponent Lebesgue and Sobolev spaces 



In this subsection, we recall some results on variable exponent Lebesgue and 
Sobolev spaces found in fibi IT8] and their references. 

Let h G L°°(M^) with /i_ > L The variable exponent Lebesgue space 
Lh{x)(j^N-^ is defined by 



lM-)(kA^) = J^. 



i)JV 



— )■ 



u is measurable and 



\u\ ^ ^ < oo 



endowed with the norm 



l«L(x) = inf <! A > 



h{x) 



<1 . 



The variable exponent Sobolev space is defined by 

^i,Mx)(^Af) = {m G L^(")(M^) I |Vm| G L'^(")(M^) } 
with the norm 



\u\ 



l,h(x) 



Hh(x) + \^^\h(x)- 



When M G L°°(M^) and M_ > 0, the norm 



\u\\ =inf <^ A>0 



Vu 



A 



h(x) 



+ M{x) 



h{x) 



< 1 



(2.5) 



is equivalent to norm || • Hi/j/^,)- With these norms, the spaces L^(^')(M^) and 
W^'^^^'{R.^) are reflexive and separable Banach spaces. 



jl] Proposition 2.2 The functional ( : Vr^'''(^)(M^) ^ M c/e/ined 6?/ 

C(m)= [ f|VM|'^(") + M(x)|M|'^(")), 



(2.6) rpF 



/ias t/ie following properties: 

(i) // ||n|| > 1, t/ien ||m|| " < ({u) < \\u 



\h+ 



(ii) // ||n|| < 1, then \\u\\ + < ({u) < \\u\\ 

In particular, ((u) = 1 if, and only if, \\u\\ = 1 and, for («„) C W^'^^^^^M.^) , 
\\un\\ — )• if and only if, ({un) — )• 0. 



|rl I Remark 2.3 For the functional ^ : L^^^^W^) — )• M given by 



an) 



\u 



h{x) 



the conclusion of Proposition lKB also holds, for example, if{un) C L'^^^^M.'^), 
\nn\h(x) ~^ ^/' '^'^'^ '^''^^y ^f a^n) — !■ 0. Moreover, from {i) and {ii), 



|«L(,) < max 



\u 



h{x) 



1/h- 



\U 



h{x) 



l/h^ 



(2.7) 



Related to the Lebesgue space L'^^^^'K'^), we have the following 
generalized Holder's inequahty. 

Proposition 2.4 ([251 p.9]) For h G L°°{R^) with h_ > 1, let 
h' -.R^ ^R be such that 



+ 



1, a.e. X G 



aAf 



h{x) h'{x) 
Then, for any u G L''(^)(M^) and v G L'^'(^)(M^) 



uv 



^ \_^ h'^l '"'''('=) '^'^'^"^^ ■ 



ppl Proposition 2.5 ([HI Theorems 1.1, 1.3]) Let h 



oN 



-)■ 



(2.8) 



be a 



hi 



Lipschitz continuous satisfying 1 < h_ < h^ < N and t : M^ -^ M. be a 
measurable function. 

(i) Ifh<t<h*, the embedding W^'''^'=\R^) ^ L*(^)(M^) is continuous. 

(ii) Ifh<t<^h*, the embedding W^i''^(^)(M^) -^ l£^(M^) zs compact. 

2.2 Preliminary results 

aew convergence I Lemma 2.6 Lei (f„) 6e a {PS)d sequence for I ^ andv G Pi^-^'^*-^) (M^) such 



that 
Then, 



v„ -^ V. 



Uv) = 0. 
Thus, if V ^ 0, V is a nontrivial solution of [P^ 



Proof. Following a standard reasoning, it is sufficient to show that, up to a 
subsequence , 

Vf„(x) -> Vv{x) a.e in R^ . 

We begin observing that, up to a subsequence, there exist nonnegative 
measures m and n in A^ (M^) such that 

\Vvn\P^^^ ^ m in M{R^) (2.9) [medT 

and 



\p*{x) 



nmM{R^). (2.10) [MED2" 



By using a concentration compactness principle found in pJJ, there exists a 
countable index set 3 such that 



m > |Vf |P^^'^ t/x + ^mi(5x,. 



i£3 

and 

m,f " , rri,f + 

where (nj)jg3, (mj)jg3 C [0, oo) and (xj)iga C M^. The constant 5 is given by 



S= sup / luf^'^l 

II"II<1 

Our first task is to prove that 

rrii = Ui, Vi G J. 
For this, let (p G C^(M^) such that 

ip{x) = 1 in 5i(0), (^(x) = in 5^(0) and < ip{x) < IVx G M^. 
Fixed 2 G U, we consider for each e > 



Since (t;„) is bounded in 11/^'P(^) (M^) , the sequence (v^efn) is also bounded 
in l^i'P(^) (R^) . Thus, 



that is, 



^a;j|t;„|P(^Ve 






Taking the hmit as n — )■ oo, the weak convergence of (| Vvnl^*-^-*) and (|f^ 



|p*(^)^ 



in A^(]R^) combined with the Lebesgue dominated convergence theorem 
leads to 



V^ 



(im + limsup / Wn|Vw„|^^''^"^Vt;„Vv?e + / V{ 



xjivl^^'^^ip^ 



H / |t;|^^^Ve + / Vedn. (2.11) epsilon limit 



Using Holder's inequality and the boundedness of (vn) in W^'^^^\M.^), we 
get 






< 



< Cmax 



Wv, 



\p{x)-l 



^(^) iViff^''^ 



1 



p'{x) P^-^> 



pW lT7m |pW 



iVv^ 



p(x) 



where p'{x) = f!f_-^ Vx G M . Therefore, by Sobolev embedding 



lim sup 



f t;„|Vt;„r(")-Vt;„-Vv^, 



<Cmax< / |t;|P^^^|Vv9 



K^) IVm |P(^) 



|t;|P(")|V^er^"^ 



1 
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Furthermore, by Holder's inequality 
Once that 



iVv^ 



\p(x) 






iVv^, 



\N 



B2e{xi) 



IVv^l 



N 



B2{0) 



we derive 



N_ 



(b2.(^>)) 



< max <( I / |Vv9( 



lAf 



|Vv^, 



lAT 



' B2i{xi) 

for some positive constant C, which is independent of e. Thereby, 






and so 



lim sup 









u,|p(^)|p+ 

I l^l I AT 






<c 



But, 



|t;P(^^ ^v 



< max 



\p*{x) 



' B2e(Xi) 

from where it follows that 



lim lim sup 






\V*ix) 



B2e{Xi) 






^„|Vt;„r(")-2Vt;„Vv9, 



11 



implying that 



limlimsup / fn|Vt;„|^*^^^ ^Vy„Vv?e = 0. 

^~*'° n JrN 

Now, taking the hmit as e — )■ in (12. lip , we get 



(2.12) 



m_i = n_i 



Once that 



we have that 






n'" < S"- + S^+ mi, if mi < 1 



and 



nr+ < ( ^'- + s'^+ ) mi if mi > 1. 



(2.13) 



(2.14) 



etal 



eta2 



XVi > a. 



Thus, from (I2.12p - (I2.14p . if Ui > for some i G J, there exists a > 0, which 
is independent of i, such that 

(2.15) 

(2.16) 



etaS 



Recalhng that 



-* ~r ' — 

J2 <*" + 5^ <+ < C ^m, < oo. 



n_i sum 



i63 



ie3 
m,>l 



je3 



the inequahties (I2.15P - (I2.16P give U = {i G J; Ui > 0} is a finite set. From 
this, one of the two possibihties below occurs: 

a) There exists rii^ , . . . , rii^ > for a maximal s G N; 

b) xXi = 0, for all i e3. 



We begin analyzing a). For this, fix < eo < 1 sufficiently small such 



that 



B,^{xi), ■ ■ ■ ,B,^{xs) C 5_l(0) and 5,„(xi) n B,,Xxj) = 0, ^ 7^ j, 

12 



where Xi, . . . ,Xs are the singular points related to rij^, . . . , rij^, respectively. 
Setting 



we have for < e < |eo, 



tAj tXj 'I 



Mxe 



oN 



'^,[X, 



Ipeix) = < 



0, iixe[JB^ 

1=1 

s 

1, iixeA = B^{0)\\jB2,{x,), 



from where it follows that 



suppT/-, Cfi|(0)\|j5.i 



i=l 



J^i 



i=l 



and 



Since 



\p*{x) 



Vnl" ^""'A -> / \vr ^^Ve- 



|P*(^). 



I'ooMiVnA) = On(l) and r^{Vn)ivi!,) = 0„(1), 



repeating the same type of arguments for the case where the exponents are 
constant, we obtain 



where 



lim / (P„ + Vix)Qn) = 0, 

'A, 



P„(x) = (iVvnf'-'^'^Vvn - \Vvf^'''>'^Vv) (vvn-Vv) Mx G M^ and Vn G N. 
and 

Qn{x) = (\Vn\ Vn- \vf^'''''^v] (vn - VJ \/x 

Once that 



)Af 



and Vn G N. 



T-('+ 



'''"^'p--i) .ivJ::;vy.w '"<rt^)<^. 



(2.17) P_n inequality 
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we see that 



Thus, 



Pndx>C 

At JAEn{xeR'V;p(x)>2} 



Wvr, - Vt;r^"^ > 0. 



hm 



|Vw„ - Vt; 



p{x) 



(2.18) [pI] 



'ylEn{xeK^;p(x)>2} 
On the other hand, by Holder's inequahty 



/ 

J Atr\ 



{xGM^;1<p(x)<2} 



<c 



IVfn — Vf 



ipW 







Vi;„ 


-\Iv 


p(x) 




( 


Vi 


n + 


v„) 


p(a:){2-p 
2 


^ 



LP(^) (Ae^ 



p(3:)(2-p(3:)) 

(|Vt;„| + |Vf|) 2 



L2-P(^)(^A,) 



where A, = A, fl {x G M^; 1 < p(x) < 2}. From relation (I2.17p . the right 
side of above inequality goes to zero. Hence, 



lim / |Vfn — Vf 

Now, ( 1218|) combined with ( 1219|) gives 



p(x) 



(2.19) 



P2 



lim / iVfr, — Vf 



\V(x) 



The same arguments can be used to prove that 



0. 



lim / V{x) \vn — V 



p{x) 



Therefore, 

Vn^v in W^'P^''\A,). 

The last limit yields, up to a subsequence. 



Vf„(x) — !■ Vf (x) a.e in A^ (0 < e < -eo). 



Observing that 



!)N 



\{xi,a;2,...,xj = 11 Ai, 



nSN 
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ESTBAIXD 



we conclude by a diagonal argument, that there is a subsequence of (f„), still 
denoted by itself, such that 

Vvn{x) -> Vv{x) a.e in R^ . 

For the case b), we consider 

ip.ix) = <^{ex) Vx G M^ and A, = Bi{0), e > 0. 

Repeating the same arguments used in the case a), we have that 

Vn^v in W^'P^^\Bi{0)), Ve>0. (2.20) | limite 

This way, there is again a subsequence of (f„), still denoted by itself, such 
that 

Vvn{x) — )■ Vf (s) a.e in R^ . 

Furthermore, from f l2.20p . 

t;„^t; in <f")(M^). 

■ 

Corollary 2.7 Let (vn) be a {PS)d sequence for I ^o with 

d < (3 = 9a, 

where 9 and a were given in (12. 4p and (I2.15P respectively. If Vn ^ v in 
iyi'P(^)(M^), then 

vn^v m<f(^)(M^). 

Proof. Once that d G (— oo,/3), we claim that 

5 = {i G J; n, > 0} = 0. 

In fact, arguing by contradiction that 3f 7^ 0, there exists i G J such that 

xii > a, 

where a was given in (I2.15p . Using the fact that (f„) is bounded in 
iyi'P(^)(M^), we have that r{vn)vn = o„,(l). Then, 

d + On{l) = Ioo{Vn) " —lU^nW > 9 f Kf^'-'l 

P+ Jrn 
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Letting the limit of n — )■ +00 in the last inequality and using f l2.10p . we get 

d>exi^>ea = /3, 
which is an absurd. ■ 



NOVOPASSO Corollary 2.8 There is jl > such that if jJ, > jJ,, then the {PS)c^ sequence 
(un) given in (12.11) verifies 

where u is the weak limit of (un) in W^'^^^^M^). 
Proof. Using (12. 2p . there is /i > such that 

Coo < /3, V/i > /i. 
Now, the corollary follows applying the Corollary 12.71 ■ 



modular inequality Lemma 2.9 Let (f„) be a {PS)d sequence for I^o with 



d < —- — V. 
2KP+ 

Then, there exists no G N such that 

([ Kf^^'A '<i^f / (|Vi;„r(^) + \/(x)|i;„r(^))) ^ Wn>no. 

Proof. Basically, we have to prove that 

|wn|p*(x), ll^^nll < 1, Vn> no. (2.21) |esti 

If the above inequality holds, 

u, |P*(a;) < L, \P- v„ > „^ 

{Unl ^ \^iT-\p*(x) V"' — "■0 

J K" 

and 



r+ < / (|Vw„|P(^) + \/(a;)|i;„|P(^)) Vn > no. 
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Thus, for all n > Uq 

Now, we will show that fl2.2ip holds. To this end, we begin recalling that 

Ioo{Vn) l'^{Vn)Vn = d + 0„(1). 

Q- 
Therefore, 

leading to 

By the hypothesis on d, 

hmsup / (|Vt;„r(^) + \/(x)|t;„r(^)) < -^. 

n JrN ZKP+ 

Since 

1 1 

< 



2KP+ KP^ 
there exists no G N such that 






x)Kr(^))<-^<l Wn>no, 



from where it follows that 

\\vn\\ < 1 Vn > no. 
Thereby, 

IK'nr+< / (|Vt;„r(") + F(x)|t;„r(^)) Vn>no, 

implying that 



Once that 
it follows that 



\Vn\\ < T7 < 1 Vn > no- 



|^^n|p*(x) < K\\Vn\\ Vn, 



kn|p*{x) < 1 Vn > no- 
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(PS)_d behaviour Lemma 2.10 Let (f„) be a {PS)d sequence for I^q with 



d < min {0 [ -r-\ , -— — z/ 
1 \K J 2KP+ 

Then, up to a subsequence, 

(a) Vn-^0 m ly i'P(^) (M^) , or 

(b) There are R, rj > and {yn) C M^ such that 

limsup / l^nl^ >V- 

Proof. Up to a subsequence, we can assume that 

If (6) does not hold, there is i? > such that 

hm sup f \Vn\'^^''^ = 0. 



'BR(y) 

Since (f^) is bounded, by Lemma 3.1 in 

t;„ ^ in L«(^) (M^) 

or equivalently 

[ |t;„|''(^) ^ 0. (2.22) ^ 

Our goal is to prove that L = 0, because if this occurs, we get (a). Suppose 
by contradiction that L > 0. Since /^(f„)f„ = 0^(1)5 we derive that 

Jrn 

d + 0„(1) = JooK) +1^ -T^lVnl"^"^ 

Jrn q{x) 



Lsb(i^'-i""''<^>i"»i"''-L?I^ 






and so, 



p'(x) 



rf + On(l)>— / {\VVr.\P^^^ + V{x)\Vnf-^)-\ f \Vr. 
P+ Jrn P_ Jrjv 

Taking the limit of n — > +00 in the last inequality, 

d>—L-—L = eL. (2.23) 

P+ P- 

On the other hand, using the fact that 

d < TTTT — ^! 

2KP+ ' 
it follows from Lemma [2.91 that there exists no G N such that 

([ \Vnf^A <k( [ \VVn\^^''^+V{x)\Vn\''^A \ Wu > flo- 

Taking the limit of n — )■ +00, we derive 

or equivalently 

L > f ly . (2.24) 



relations 



Combining ( 12:231) with (EllD, 



relation4 



d>eL>e\^' 



which is a contradiction, showing that L = 0. 



2.3 Proof of Theorem [231 

Consider the {PS)c^ sequence (un) for I^o given in (12. ip and u E W^'^^^^ (M^) 
such that Un ^" u in W^'P^^^(M.^Y Provided that u 7^ 0, by Lemma [2.6^ we 
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have a solution for (Poo)- Now, if m = 0, we need to work a little more. We 
recall that there is /i > /ioo such that 

f / 1\^ 1 

< Coo < min < 6 I — , u 

[ \kJ ' 2KP+ 

By Lemma I2.10[ we know that (b) holds, that is, there exist R, rj > and 
iVn) C M^ such that 

limsup / iMnl^^"^^ > rj- 

Hereafter, without lost of generality, we assume that (?/„) C Z^ and define 

ti^(x) = Un{x + yn) Vx G M^. 

A straightforward calculus gives 

Ioo{u^) = Ioo{un) and r^{vQ -^ 0, 

showing that (un) is also a {PS)c^ sequence for I^o- In what follows, we 
denote by m G W^'P^^^M^) the weak limit of (S^). Once that 

I "n I / I "n I 

and 

it follows that 



/ 



implying that m 7^ 0. Thereby, by Lemma [2.6i m is a solution for (Poo)- 

In the sequel, Moo £ ^^^'^'•^•'(M^) denotes the solution found by the above 
arguments. Moreover, let us denote by Moo the Nehari manifold associated 
with Joo given by 

AToo = {« G H^i'P(-)(M^) \ {0}; r^{u)u = 0} . 
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Our goal is to show that Uoo is a ground state solution, that is, 

/oo(moo) = inf Ioo{u). 
Moreover, we will prove that Mqo can be chosen as a nonnegative solution. 
Proposition 2.11 For all u G A/'oo, we have that /oo(m) > and 

< Joo = inf Ioo{u). 

Proof. If M G A/'oo, 
This way, 

ioo{u) >iipf |m|'^^") + e f |u|P*(") > 0. 

Now, arguing by contradiction, if Jqo = 0, there exists (f„) C A/'oo such that 
Since f„ G A/'oo, by the last inequality 

Using fl2.25p together with f l2.26p . we derive the limits 

which lead to 

f (|Vt;,|PW + ^(a;)|t;„|PW)^0, 

or equivalent ly, 

IK'nII -^ 0. 

On the other hand, by Sobolev embedding, there are constants Ci,C2 > 
verifying 

\u\g(^) < Ci\\u\\ and |M|p.(^.) < C2\\u\\ Vm G W'^'P'-^^R^). 
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(2.25) \m 

(2.26) \m 



intersection property 



Consequently, there is riQ G M such that 

ll^nll, \Vn\q{x), \Vn\p*(x) < 1 Vn > Hq. 

The last inequalities together with the fact that (i;„) C Afoo give 
for some positive constants C3 and C4. Thus, 

1 < nr'^Wi) \\1--P+ J- r'.W^) \\P*--P+ Vn > n^ 

obtaining a contradiction, because UtinU ^^ 0. Then, Joo > 0. ■ 

Corollary 2.12 Any ground state solution u to (-Poo) has a well defined sign, 
that is, u > or u < 0. 

Proof. Using the fact that m is a solution, if follows that 

lUu^)u^ = 0, 

where m"*" = niax{u,0} and u~ = niin{u,0}. Thus, if u^ ^ 0, we see that 
u^ G A/'oo, and so, 

Joo = Ioo{u) = Ioo{u^) + Ioo{u~) > 2Joo, 

which is an absurd. Therefore, m~ = or ■u"'' = 0. ■ 

Proposition 2.13 Let u E iyi'P(^)(M^) \ {0}. Then, exists a unique t« > 
such that 

tuU G A/'oo- 



Nehari Infimum 



Proof. The proof follows the same arguments explored in [16 
Proposition 2.14 The mountain pass level c^o satisfies 

Coo = Joo = inf /oo(m)- 
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Proof. Let u G A/'oo and choose to > such that Uq = t^u satisfies 
looiuo) <Q. Then 

7o(t) = t%, VtG[0,l], 

belongs to V. Hence, 

Coo < max /oo(7o(^)) = max Ioo{su) < ma.xIoo{su) = looiu). 
te[o,i] sG[o,to] ''>o 

Thereby, 

Coo _ '^oo* V '/ 

For the reversed inequahty, consider a {PS)c^ sequence (un) for Joo- Since 
Coo > 0, we can assume that m„ 7^ for all n G N. In this case, by Proposition 
I2.13[ for each n G N, there exists a unique t„ > such that tnUn G Moo- Thus, 



cinf initol 



(2.28) 
From f l2.28p . we see that t„ 7^ 0. In fact, if tn — ^ 0, we can assume 
tn < 1, Vn G N, and so, from i^M), 



N4 






Since t„ > for all n G N, we get 



(2.29) 
The boundedness of (u„) in W^'^^^\'K'^) together with Sobolev embedding 
yields («„) is bounded in L«(^)(R^) and Lp*(^)(M^). Therefore, from fl2:29|) 



N5 



tin -)■ 



in iyi'P(^HM^l 



leading to /(m„) — )■ /(O) = 0, which is a contradiction, because 
/(■u„) — i- Coo > 0. Analogously, from (12.281) . we conclude (t„) is bounded. 
Indeed, if there exists a subsequence of (t„), still denote by itself, satisfying 
t„ — )• 00, we can assume t^ > 1 for all n G N, and so, from (12.281) . 



Jr^ Jr'' 
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Hence 



,p —p+ I ' "I ^ 



El 



and so, 

/ lunf^'^Ux-^O. (2.30) 

By interpolation [H Lemma 4.1] , 

[ |u„|^(^) ^ 0. (2.31) ^ 

Since 

(|VM„r(^) + F(x)|n„r(^))=/i / \un\'^^^+ f |n„r'(^)+o„(l), (2.32) \m 

the limits f l230|) and f l23T]) combined with f l232|) give 

M„^0 in Vri'P(")(M^), 

implying that looiun) — )■ 0, which is a contradiction, because 
Ioo{un) — !■ Coo > 0. Then, (t„) is bounded and, up to a subsequence, there 
exists to G (0, oo) such that t„ — )■ to- Our goal is to prove that to = 1, because 
if it is true, we get 



'Joo _i -^ooy^nUr, 



^ (|Vt„M„r(-) + \/(x)|t„M„r(-)) -/x / ^|t„M„|'?W 



p{x) J^N q{x 

1 



p*{x) 



t V 



\p*{x) 



</oo(wn) + a(n) / ^(|Vw„|^(^) + V(x)|w„r(^')) 
Jrn P[x) 

Jrn q[X) j^N p [X) 



'"n\ 



where 



a{n) = max {t^+ , t^ } - 1, b{n) = min {t^ , t^^ } - 1, 
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and 

c{n) = min <^ tn^,tn' [ - 1- 

Hence, taking the limit of n — ?■ +00, we obtain 

<-'oo S Coo- yZ.oo) 

From (12:271) and flOal) , it follows that Coo = Joo- 

In what follows, we will show that to = 1- In fact, if to > 1, "we can 
assume without lost of generality that t„ > 1, Vn G N. Thus, by ( I2.28p . 



cinf inito2 



(|Vn„r(^) + F(x)Kr(^))>K-P+ / lu^r^^^+tf-'M |n„r*(^) 



(2.34) 
From (12:321) and (^M), 

> /x (t^-^+ - 1) / |n„r(^) + (tf-^^ - 1) / |M„r*(^) + o„(l). 

So, 

> /. (t^-^+ - 1) Li + (tf -^^ - 1) L2, 

where 

< Li = lim /" Im^I''^^) and < L2 = lim /" |m„|p*(^^ 

Once that to > 1, 

/i (t^-^+ - 1) Li + (tf -^" -i)l,> 0, 

which is an absurd. The case to < 1 can be studied of the same way. Thereby, 
to = 1. ■ 

As an immediate consequence of the last result, we have the corollary 
below 

Corollary 2.15 The mountain pass level Coo also satisfies 

Coo = inf maxlooitu). 

u#0 
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N7 



The proof of next corollary follows the ideas explored in [2H] and its proof 
we be omitted. 



min is gstate Corollary 2.16 If u G A/'oo and Ioo{u) = Joo, then u is a ground state 
solution. 

The next corollary ensures that the solution Uoo found is a ground state 
solution. As consequence, -Uoo has a well defined sign. 

Corollary 2.17 Let («„) he a {PS)c^ sequence for I ^ andu e iyi'P(^)(M^) 
such that Un ^ u in VT^'^*^^) (M^) . Then, ifu^O, we have the equality 

Proof. Once that we are assuming that u ^ 0, the Lemma [2.61 implies that 
u G A/'oo. Therefore, 

/oo(m) > Joo- 

On the other hand, by Proposition I2.14[ 

<-'oo Coo -^ooyUn) -^QoX^nJ^n ~r Ojj(^ij 

P+ 



LC-M-.-)('^-'''^^^^)'-''") 



\p+ q{x)J Jrn \p+ p*{x) 



By Fatou's lemma. 



Joo > / (^ - —] (iV^r^^) + V{x)\u\P'^^^)+fi 
Jr^ \P{x) P+J ^ 



1 1 ^Ul.W 



P+ Qix) 



+ [ (-- -vrs) 1^1"*^'^ = ^-(^) - -^-(«)« = ^~(«), 

Jrn \P+ P*{x)J p+ 



from where it follows that loo(u) = Jn 



Now, to conclude the proof of Theorem 12.11 we observe that 

Ioo{-v) = looiv) and r^{-v) = -r^{v) Wv G ^^^'^^(R^), 
which ensures that Moo can be chosen nonnegative. 
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3 Proof of Theorem 11.1 



In this section, we will show that the functional I : 14^1'P(^)+°'(^)(M^) — j. 
given by 



I(U) = / (|VMr^")+"(") + {V{X) - iy(x))|M|^(")+"("))-^(M)-J(M) 



where 

Jm (9(2;) - r{x)) J^N p*{x) 



|,,|p*W 



has a ground state solution for fi large enough. Hereafter, we denote by 
r{x),s{x) and U{x) the functions 

r(x) = p(x) + (t(x), s(x) = g(x) — r(x) and U{x) = V{x) — W{x) WxeM'^. 

Hence, we can rewrite the functional I of the following way 

for all u e Vri'''(^)(M^). 

Using well known arguments, it follows that / G C^{W^'^^^\'R^),'R) with 






a;j|ur(")-2H-/^ / |n|"(")-\t;- / Iwl^'^'^-^ut;, 



for all u,v G W^'^'^^\'R^) . Moreover, we also have that I verifies the mountain 
pass geometry, this way, there is (un) C W^'^^^^M.^) satisfying 

I{un) — !■ c and I'{un) — )■ 

where c is the mountain pass level associated with I. Using the same 
arguments explored in the proof of Lemma 12.61 and Corollary 12. 8[ there is 
/i > such that, for ^ > fi, 

Un^uin W^i;(")(M^), (3.35) 

where u E W^'^^^\M^) is the weak limit of (un), and so, 

«„^nin <f("HM^). (3.36) 
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Limitel 



Limite2 



The limit f l3.35p leads to 

I'iu) = 0, 

showing that -u is a solution for (P). If m 7^ 0, the same ideas used in the 
previous section give I{u) = c, implying that u is a ground state solution for 
(P). Now, if u = 0, the above limits yield 

Ioo{un) -> c and /^(u„) -)■ 0. 

The arguments used in the proof of Proposition 12.141 works to show that 

c > Coo- (3.37) I ESTMl 

Fixing /i > max{/ioo, /i} = /i*, we know that functional I^o has a nonnegative 
ground state solution w G W^'^^^^M.^), that is, 

Ioo{w) = Coo and /^(w) = 0. 

Moreover, for each n G N, we set x„ = (n, 0, ..., 0) G M^ and 

Wnix) = w{x + Xn) Vs G M^. 

Using Moser iteration method [21] ( see also [5l [22] ), there is C > such 
that 



\Wr 



|L-(Bfl,(^)) < C'klL'"*(i?fl,(^+x„)) for R<R2<Ri and Vn G N. 



Once that w G Lp*('')(]R^) and p*{x) = m* in Piji(2; + x„) for all n G N, we 
deduce 

klL-*(Bfl,(^+x„)) ^ as n ^ +00. 
Then, 

kn|L°°(Bfl2(^)) -^ as n ^ +00. 

The above limit implies that 

|Vi(7„|L°°(Bfl2(z)) -^0 as n -)■ +00 (see [6l [3 [17]). 
From this, we fix ra G N such that 

\Wn{x)\, \VWn{x)\ < 1 Vx G P/j(2;). 
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Now, a simple computation gives 

l'{Wn)Wn < l'^{Wn)Wn = l'oo{w)w = 0. 

Thus, there is tn € (0, 1] such that 

I{tnWn) = max/(tw„) and I{tnWn) > c. 



t>o 



Using the definition of Wn together with the fact that t„ G (0, 1], we have 
that 

C < I{tnWn) < looitnWn) < Ioo{w) = Coo- (3.38) | ESTM2 

Combining ( I3.37P and f l3.38p . it follows that 



C = litnWn). 

Since 

t^Wn eU={ue l^i'^(")(M^) \ ; I'{u)u = 0}, 

the same arguments used in the proof of Corollary 12.161 can be used to prove 
that tnWn is a ground state solution for J, finishing the proof of Theorem 1 1.1[ 
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